In this paper, we give a proof of the marked length spectrum (MLS) rigidity for complete geodesic metric spaces of topological dimension one. More precisely, in a compact geodesic metric space of topological dimension one, the minimal length of a loop in a free homotopy class is well defined, and provides a function l : π 1 (X) −→ R + ∪ ∞ (the value ∞ being assigned to loops which are not freely homotopic to any rectifiable loops).
Introduction.
This paper is motivated by a long standing conjecture concerning negatively curved manifolds: that the length of closed geodesics on a negatively curved Riemannian manifold determines the space up to isometry. More precisely, in a negatively curved manifold (M n , g i ), there are unique geodesics in free homotopy classes of loops, and we can consider the length function l : π 1 (M n ) −→ R + . The marked length spectrum (MLS) conjecture states that, if we have a pair of negatively curved Riemannian metrics on M n which yield the same length function l, then they are in fact isometric. The conjecture has been proved for certain specific manifolds, most notably for 2-dimensional manifolds (independantly by Croke [5] and Otal [12] ) as well as for rank one locally symmetric spaces (by Hamenstadt [10] ), and higher rank locally symmetric spaces (by Dal'bo & Kim [9] ).
In this paper, we consider geodesic spaces of topological dimension one. The starting observation is that these spaces share a lot of the properties of negatively curved manifolds. In particular, they are aspherical (see Curtis & Fort [8] ), and have unique minimal length representatives in each free homotopy class of loops (by Curtis & Fort [7] , also shown by Cannon & Conner [4] ). In particular, one can ask whether the MLS conjecture holds in the setting of geodesic spaces of topological dimension one. We define a subset Conv(X) of any geodesic space X of topological dimension one, and show the following theorem: Theorem 1.1. Let X 1 , X 2 be a pair of complete, compact, geodesic spaces of topological dimension one, and define Y i = Conv(X i ). Assume the two spaces have the same marked length spectrum, that is to say, there exists an isomorphism φ : π 1 (X 1 ) −→ π 1 (X 2 ) satisfying l 2 • φ = l 1 . Then Y 1 is isometric to Y 2 , and the isometry induces (up to change of basepoints) the isomorphism φ on the subgroups π 1 (Y i ).
Let us provide an outline of the proof, with reference to the next section for appropriate definitions. The idea behind the argument is to look at a certain subset of Conv(X 1 ) consisting of branch points. For a pair of branch points, one can look at a minimal geodesic joining them, and one constructs a pair of geodesic loops with the property that they intersect precisely in the given minimal geodesic. Now using the isomorphism of fundamental groups, one can look at the corresponding pair of geodesic loops in Conv(X 2 ). Using the fact that the lengths are preserved, one shows that the corresponding pair in Conv(X 2 ) likewise intersects in a geodesic segment, and that furthermore, the length of the intersection is exactly equal to the length of the original geodesic segment. One can then proceed to show that this correspondance is well-defined (i.e. does not depend on the pair of geodesic loops one constructs), and preserves concatenations of geodesic segments. This provides us with an isometry between the sets of branch points. Using completeness, we can extend this to an isometry between the closures of the sets of branch points. Finally, we can consider points in Conv(X 1 ) which are not in the closure of the set of branch points, and it is easy to see that each of these points lies on a unique geodesic segment with the property that the segment contains precisely two branch points, which are its endpoints. The correspondance between geodesic segments shows that there is a unique, well-defined, corresponding segment in Conv(X 2 ) of precisely the same length, allowing us to extend our isometry to all of Conv(X 1 ). One then extends the isometry to the closure, obtaining that the two spaces Y i are isometric. Finally, it is clear from the construction that the isometry induces the isomorphism between the fundamental groups of the Y i (the fact that π 1 (Y i ) injects in π 1 (X 1 ) follows from a result of Curtis & Fort [7] ). The results contained in this paper were part of the author's thesis, completed at the Univ. of Michigan, under the guidance of professor R. Spatzier. The author would like to thank his advisor for his help throughout the author's graduate years. The author would also like to thank professors H. Bass and J. Heinonen for taking the time to proofread his thesis and to comment on the results contained therein.
Preliminaries.
In this section, we will define the various terminology used in this paper, as well as quote certain basic results we will use in our proofs. We start by reminding the reader of certain basic notions on length spaces (and refer to Burago, Burago & Ivanov [3] for more details on the theory). Definition 2.1. A path in a metric space (X, d), is a continuous map f : [a, b] −→ X from a closed interval into X. A loop in X is a path f satisfying f (a) = f (b). Observe that we can always view a loop as a based continuous map from (S 1 , * ) to (X, f (a)).
Definition 2.2. Let (X, d) be a metric space. The induced length structure is a function on the set of paths, denoted by l d , and defined as follows:
where γ : [a, b] −→ X is a path, and the supremum ranges over all finite collection of points a = x 0 < x 1 < . . . < x n = b. We will say a path γ is rectifiable provided
Observe that rectifiability is preserved under finite concatenation of paths, and under restriction to subpaths. Definition 2.3. Let (X, d) be a metric space, and l d the induced length structure. We define the intrinsic pseudo-metricd induced by d as follows. Let p, q ∈ X be an arbitrary pair of points, and define thed distance between them to bed(p, q) := inf l d (γ), where the infimum ranges over all paths γ :
Note that the functiond actually maps X ×X to [0, ∞], where two points p, q ∈ X haved(p, q) = ∞ if and only if there are no rectifiable paths joining p to q. Definition 2.5. Let (X, d) be a length space. We say that (X, d) is a geodesic space if, for every pair of points p, q ∈ X, there is a path γ p,q joining p to q, and having length precisely d(p, q). Such a path is called a distance minimizer.
In topology, one of the most important concepts is that of dimension. While there are many different notions of dimension, the one which will be of interest to us is that of covering dimension. Definition 2.6. Let X be a topological space. We say that X has covering dimension ≤ n if, for any open covering {U i } of X, there is a refinement {V i } with the property that every x ∈ X lies in at most n + 1 of the V i . We say that X is n-dimensional if X has covering dimension ≤ n, but does not have covering dimension ≤ n − 1.
We will denote the covering dimension of a space X by Cdim(X). Observe that any path connected topological space has Cdim(X) ≥ 1. The spaces we will be interested in are those satisfying Cdim(X) = 1. Examples of such spaces are plentiful. In particular, we have the following criterion (see Chapter VII in Hurewicz & Wallman [11] ): Theorem 2.1. Let (X, d) be a metric space, and denote by Hdim(X) the Hausdorff dimension of X. Consider the induced topology on X. One has the inequality Cdim(X) ≤ Hdim(X).
Hence any path connected metric space with Hausdorff dimension less than two has covering dimension one. We will henceforth, unless explicitely mentioned otherwise, focus exclusively on geodesic spaces of topological dimension one. Note that, in general, a one dimensional geodesic space might not be non-positively curved 1 . However, such spaces often exhibit properties which are quite similar to those of negatively curved spaces. In order to show the property we are interested in, we start by providing a few definitions. Definition 2.7. Let γ : (S 1 , * ) −→ (X, p) be a loop. We say that the loop is reducible provided that there is an open interval I = (x, y) ⊂ S 1 − { * } such that γ(x) = γ(y) and the loop γ| [x,y] is nullhomotopic. We say that γ is cyclically reduced if the interval I is allowed to include the basepoint * . A curve which is not reducible (resp. cyclically reducible) will be said to be reduced (resp. cyclically reduced). We define a constant loop to be cyclically reduced.
Definition 2.8. Let (X, d) be a 1-dimensional geodesic space. We say that a loop γ is a geodesic loop provided γ is rectifiable and is the unique length minimizer in its free homotopy class. We say that a path is geodesic provided that it is reduced and rectifiable.
WARNING: Our terminology differs from the standard, in that our geodesics might not even be locally minimizing.
Note that the definition of a reduced loop applies equally well to a path, so that we can talk about reduced paths in a geodesic space. We now state Cannon Proof:. Let X be our geodesic space, p our path, and p, q the two endpoints. Consider the space X ′ , defined to be the quotient space of X obtained by identifying p and q. We claim that X ′ is a 1-dimensional geodesic space. Indeed, quotienting can only decrease the dimension of a space, hence Cdim(X ′ ) ≤ 1, and quotients of path connected spaces are path connected, so Cdim(
′ is a compact, path-connected metric space, with the image p ′ of p a closed loop based at the point p = q. By the first part of Theorem 2.2, we have that this loop is homotopic to a unique (upto reparametrization) reduced loop. As there is a bijective correspondance between homotopies of p ′ which preserve the basepoint and endpoint preserving homotopies of p, we immediately get our claim.
Corollary 2.2 (Minimality of geodesic paths)
. Let (X, d) be a compact 1-dimensional length space, p a rectifiable path joining points p and q. Then the unique reduced path joining p to q homotopic (relative to the endpoints) to p has minimal length amongst all paths with this property.
Proof:. This argument is identical to the one for loops: assume that p is rectifiable, but not reduced, and is a mapping from [a, b] into X. Then there is a subinterval 
Definition 2.9. Given a geodesic space X of topological dimension one, we define the π 1 -hull of X, denoted Conv(X), as the union of (the images of) all geodesic loops in X. A space satisfying X = Conv(X) is said to be π 1 -convex.
We fix the following notation: given a pair of paths p and q, with the terminal endpoint of q coinciding with the initial endpoint of p, we will denote by p * q the concatenation of the two paths (traversing q first, followed by p), and by p −1 the path obtained by reversing p. We start by proving several lemmas concerning concatenations of various types of paths. Throughout the rest of this section, we will assume that the underlying space X we are working in is a compact, 1-dimensional length space.
Lemma 2.1 (Concatenation of reduced paths). Let p 1 , p 2 be a pair of reduced paths, parametrized by arclength, in X. Let t i = l(p i ) be the length of the respective paths, and assume that p 1 (t 1 ) = p 2 (0) (i.e. that they have a common endpoint). Then any reduced path q homotopic to p := p 2 * p 1 is of the form q 2 * q 1 where q i is a subpath of p i . Furthermore, we have a decomposition p 1 = r 1 * q 1 and p 2 = q 2 * r 2 , satisfying r 1 = r 2 −1 .
Proof:. Let us define p to be the concatenation p 2 * p 1 . We start by observing that the claim is trivial if the concatenation p is reduced (just take q i = p i ). So let us assume that the concatenation p is not a reduced path, and view it as a map from
Since this path is reducible, there exists closed intervals U j ⊂ D with the property that p restricted to each U j is a closed path which is null homotopic. Since each of the paths p 1 , p 2 is reduced, this forces t 1 ∈ U j . We now claim that, under inclusion, the family of such closed intervals forms a totally ordered set. In order to see this, we show that any such set U j = [a j , b j ] is a symmetric closed interval around t 1 (i.e. that (a j + b j )/2 = t 1 ). But this is clear: one can just consider the restriction of p to the two sets [a j , t 1 ] and [t 1 , b j ]. This yields a pair of paths, parametrized by arclength, joining the point p(a j ) = p(b j ) to the point p(t 1 ). Furthermore, each of these paths is reduced (since they are subpaths of the reduced paths p 1 and p 2 respectively). But we know that there is a unique reduced path in each endpoint preserving homotopy class of paths joining a pair of points.
Hence the two paths have to coincide, and as they are parametrized by arclength, we immediately obtain our claim.
Next, we claim that this totally ordered chain has a maximal element. Indeed, consider the set U defined to be the union of our sets U j . We claim that U is still within our family. To see this, we merely note that, by our previous observation on the U j = [a j , b j ], the restriction of p to each symmetric (about t 1 ) subinterval of U consists merely of traversing some reduced path on [a j , t 1 ], followed by backtracking along the same path on [t 1 , b j ]. By continuity, the same must hold for the symmetric closed intervalŪ, so that the closure of U also lies within our family. Hence U =Ū , and we have found our maximal element.
It is now easy to complete our proof: if [a, b] is our maximal interval U, we can now define our q i and r i explicitely. We set
. We note that it is clear that p 1 = r 1 * q 1 and p 2 = q 2 * r 2 . From our proof, it is also immediate that r 1 = r 2 −1 . Finally, since U was picked to be maximal, the path q 2 * q 1 must be reduced. Which was precisely our original claim. . Observe that each of these paths is reduced (being a subpath of η), have common endpoints, and that η = q 2 * q 1 . Now consider the concatenation of paths q 1 * q 2 and apply the previous theorem. Our claim immediately follows. Proof:. Assume not, and let us start by focusing on γ * p. Since (γ * p)(t) = p, our reduced loop η must avoid it, which forces γ * p to be reducible. For the second claim, we observe that the argument we just gave in fact shows that the intervals U ⊂ [0, 2t + s] that give a reduction of the concatenated loop p −1 * γ * p either contain the point t, or contain the point t + s, but not both. In particular, this forces η to either start by travelling along p, or to finish by travelling along p −1 , which is precisely the second claim.
Note that, in our previous lemma, we can always (by reversing
We can now consider the the concatenations: p 1 * γ 1 * p 1 −1 and p 2 −1 * γ 2 * p 2 . Consider the unique reduced loops η 1 and η 2 in the corresponding homotopy class. By our previous lemma, they must pass through p(0) and p(t) respectively. Furthermore, by reversing the reduced loops if needed, we have that η
. Concatenating these, we obtain a closed curve η −1 1 * η 2 which might not be geodesic, but certainly passes through p. Now consider the geodesic loop in the corresponding free homotopy class. We claim that it must still pass through p. Indeed, if it did not, there would be a reduction along some open set containing the point η −1 1 (l(η 1 )) = η 2 (0) = p(t/2). But as we have seen, any such reduction would have to occur along a symmetric interval around the point, corresponding to some subpath r −1 * r within p, contradicting the fact that the latter is reduced. Our claim follows.
To illustrate the usefulness of the previous lemmas, we note the following immediate corollary:
Corollary 2.5. Let X be a geodesic space of topological dimension one. Then Conv(X) is path connected. Furthermore, Conv(X) is a strongly convex subset of X.
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Proof:. Let p, q ∈ Conv(X) be an arbitrary pair of distinct points, and let p be a distance minimizer joining the two points. Since p is a distance minimizer, it is geodesic. So by the previous lemma, there is a geodesic loop extending it. This immediately shows that p itself lies in Conv(X). Both our claims follow.
Note that in any free homotopy class of loops, we can consider the unique cyclically reduced loop. Then we either have:
• the loop is rectifiable and is a geodesic loop, or
• no freely homotopic loop is rectifiable.
As such, when looking for geodesic loops, it is sufficient to restrict throughout to cyclically reduced loops. We finish this section by defining the marked length spectrum.
Definition 2.10. Let (X, d) be a geodesic space. Assume that, in each free homotopy class of curves on X, there is at most one minimal length representative. The marked length spectrum (abbreviated to MLS) is defined to be the function l d : π 1 (X) −→ R + ∪ ∞ which assigns to each element of π 1 (X) the length of the corresponding minimal length loop (and assigns ∞ to the free homotopy classes that contain no rectifiable representatives).
Observe that, for geodesic spaces of topological dimension one, by Theorem 2.1 we have that the marked length spectrum is defined.
MLS Rigidity for Spaces of Topological Dimension One
For the convenience of the reader, we restate our main theorem: 
and the isometry induces (up to change of basepoints) the isomorphism φ on the subgroups π 1 (Y i ).
Throughout this section, we will restrict our attention to spaces X which are complete, compact, geodesic, of topological dimension one, and we set Y = Conv(X). We start by introducing a few definitions and proving an important lemma. Definition 3.1. Let X be a 1-dimensional geodesic space, p a point in X. We say that X has branching at p provided there exists a triple of geodesic paths γ i : [0, ǫ] −→ X with the following properties:
• γ i (0) = p for all three paths,
• each concatenated path γ i * γ −1 j is a geodesic path.
Note in particular that each of the concatenations must be a reduced path. If X has branching at p, we call p a branch point of X. Definition 3.2. Given a geodesic path p in a 1-dimensional geodesic space X joining branch points p to q, we say that a pair of geodesic loops γ 1 , γ 2 based at p and parametrized by arc-length are p-distinguishing provided that the two geodesic loops agree on the interval [0, l(p)] (where l(p) is the length of the path p), but on no larger interval. Furthermore, we require that γ i | [0,l(p)] = p (this condition just means that the geodesic loops start out by respecting the orientation on p).
The importance of p distinguishing loops lies in the fact that, if γ 1 and γ 2 are p distinguishing, and if we use an overline to denote the geodesic loop freely homotopic to a given loop, then we automatically have:
In particular, since the concatenated loop represents the product of the elements corresponding to γ i in π 1 (X, p(0)), we see that the length of the geodesic path p can be recovered from the marked length spectrum. We now show the existence of distinguishing geodesics for paths whose endpoints are branching.
Lemma 3.1 (Existence of distinguishing loops). Let p be a geodesic path joining a pair of branch points lying in Conv(X). Then there exists a pair of p-distinguishing geodesic loops.
Proof:. Let t := l(p). Since our path p joins a pair of branch points, it is easy to see that there are a pair of geodesic paths γ 1 , γ 2 in X which intersect precisely in p. Indeed, let us start by considering p = p(0), and note that since this point is branching, there exist a triple of geodesic paths γ i : [0, ǫ] −→ X emanating from the point p with the property that each concatenated path γ i * γ is reduced. So we can extend p past p in two distinct ways, and still have a reduced path. Similarly, we can extend p past the point p(t) in two distinct ways, and still have a reduced path. This gives us a pair of geodesic segments which are distinct, then come together and agree precisely along p, and then separate again.
Shrinking the two geodesic segments if need be, we can assume that they are defined on [−ǫ, t + ǫ], and that the geodesic p corresponds to the image of [0, t] in Figure 1 : Initial segments forced to agree: minimal representative of composite curve in first picture has shorter length than corresponding one in the second picture. both geodesics. We want to extend these geodesic paths to closed geodesic loops. But that is precisely what Lemma 2.3 guarantees. Hence we have a pair of p distinguishing segments, and we are done.
Before proving our main proposition, we give one last definition. respectively. We say that p 1 and p 2 are incident, provided that p 1 (b 1 ) = p 2 (a 2 ). We say that they are geodesically incident provided that, in addition to being incident, the concatenated path p 2 * p 1 is geodesic. Proof:. We begin by defining a bijective map from P (X 1 ) to P (X 2 ), where P (X i ) is the set of geodesic paths joining branch points of Conv(X i ). Let p ∈ P (X 1 ) be given. By Lemma 3.1, there exists a pair of p-distinguishing geodesic loops; call them γ 1 and γ 2 . Without loss of generality, we can assume the base point p 1 for π 1 (X 1 , p 1 ) is the common vertex γ i (0). Now corresponding to the homomorphism Φ : π 1 (X 1 , p 1 ) −→ π 1 (X 2 , p 2 ), we can find a pair of closed geodesic paths Φ(γ 1 ) and Φ(γ 2 ) (i.e. reduced paths, but not necessarily cyclically reduced) based at p 2 ∈ G 2 having precisely the same lengths of minimal representatives in their free homotopy class. We will use an overline to denote the geodesic loop (i.e. cyclically reduced loop) in the free homotopy class of a curve. Observe that by our choice of γ 1 , γ 2 being p-distinguishing, we have that:
Furthermore, since the isomorphism preserves the marked length spectrum, we have the relations: Indeed, if α = β, we would have the inequalities:
. But we have by the marked length spectrum being preserved, and the definition of η i , that l 2 (η i ) = l 2 (Φ(γ i )) = l 1 (γ i ) which gives us a contradiction (see Figure 1 for an illustration of this phenomena). Denote by q ∈ X 2 the endpoint of the path α. We can, without loss of generality, assume that p 2 = q (by taking a change of basepoint for π 1 (X 2 ) if necessary). So we have reduced to the image being a pair of geodesic loops η 1 and η 2 based at q. 
but no such relationship holds for any larger interval).
In order to see this, let us assume that we can write η i = σ i * ν, where ν is a path corresponding to the largest interval [0, r] satisfying η 1 ([0, r]) = η 2 ([0, r]), and σ i is the path η i ([r, l 1 (γ i )]) (in other words, ν is the longest path along which the two images curves agree, and σ i is the rest of the respective curves). We claim that l 2 (ν) = l 1 (p).
By our choice of γ 1 , γ 2 being p-distinguishing, we have the relation:
Since we have that η i are the geodesic loops in the free homotopy class of Φ(γ i ), and as our isomorphism preserves lengths, we have that:
Furthermore, the composite γ 2 * γ
corresponds to the composite η 2 * η −1 1 , which forces the equality l 1 (γ 2 * γ
1 )), and the latter is freely homotopic to the geodesic loop σ 2 * σ −1
1 . This gives us that:
Substituting equations (2) and (3) into equation (1), we obtain 2l 1 (p) = 2l 2 (ν) which immediately gives us the desired equality. 
Claim 3. The map is well-defined on geodesic paths (i.e. distinct pairs of distinguishing loops yield the same image path).
We have two possibilities, one of which is immediate: let γ 1 , γ 2 , γ 3 be geodesics based at p 1 an endpoint of p which are pairwise p-distinguishing. Then the three image geodesic loops Φγ 1 , Φγ 2 , Φγ 3 are all based at q, and pairwise have the property
. It is now immediate that they must all three coincide.
The other possibility to account for occurs if we have two distinct pairs (γ 1 , γ 2 ) and (η 1 , η 2 ) of p-distinguishing geodesics, but none of the pair (γ i , η j ) are p-distinguishing. Since all four geodesics pass through p, this means that the intersections γ i ∩ η j are all geodesic segments which extend the original p (see Figure 2 for an illustration of two such pairs near the geodesic). This immediately forces the geodesic loops to have a local picture near p as in Figure 2 , with the pair (γ 1 , γ 2 ) (locally) corresponding to the bottom left diagram, and the pair (η 1 , η 2 ) (locally) corresponding to the bottom right diagram. Now focusing on the images of the four pairs of paths (γ i , η j ), we see that each pair gives image paths that coincide on a path of length precisely l 1 (p). Furthermore, the four image paths extend the common intersection by providing two branches on either side of the common intersection. In particular, the image paths give the exact same (top of Figure 2 ) local picture in X 2 . It is then easy to see that the corresponding pairs (γ 1 , γ 2 ) and (η 1 , η 2 ) both yield the common intersection, resulting in our map being well-defined. Now that we know that our map is well-defined, we can denote by Φp the image of the geodesic path p given by our construction.
Claim 4. Let p 1 and p 2 be a pair of geodesically incident geodesic paths (by which we mean that the concatenated path p 1 * p 2 is also a geodesic path), meeting at a common vertex q which we will take as the basepoint for π 1 (X). Then the corresponding geodesic paths Φp 1 and Φp 2 are also geodesically incident. Without loss of generality (by well-definedness of our map), we can assume that one of the closed loops used to find Φp 1 , Φp 2 passes through both paths, hence can be used as one of both pairs. We refer to Figure 3 (top left) to illustrate our situation. In the top left figure, we have a pair of geodesically incident paths, with the big geodesic representing the common loop, and the two smaller ones intersecting the large one in p 1 and p 2 respectively.
Let us label (clockwise) the large common loop by γ, the two smaller ones by γ 1 and γ 2 respectively, and let each of the loops be oriented clockwise. Now consider the image loops (see Figure 3 , remaining three pictures). If the resulting curves are not incident, we have that the two geodesic loops Φ(γ 1 ) and Φ(γ 2 ), which must intersect Φ(γ), have intersections which do not represent incident subpaths of the geodesic loop Φ(γ) . We have three possible cases.
Firstly, the intersections with γ might be entirely disjoint (as in Figure 3 , top right). Let d > 0 denote the distance between the two intersections, and note that we have:
But observe that the the geodesic loop γ 1 * γ 2 has length which is bounded above by l 1 (γ 1 ) + l 1 (γ 2 ), which combined with the fact that the isomorphism preserves the marked length spectrum, gives us a contradiction. Another possibility is that the intersections might overlap in a subinterval of γ of length d (as in Figure 3 , bottom left). Well in that case, we can consider the geodesic loop corresponding to the composite curve γ 1 * γ * γ 2 , and observe that it has length:
Looking at the geodesic loop corresponding to Φ(γ 1 ) * Φ(γ) * Φ(γ 2 ) in the image, we find that it has length:
And again, using that the isomorphism preserves the marked length spectrum, and comparing with equation (4) we get a contradiction.
Finally the third possibility is the one where one of the intersections lies entirely within the other intersection ( Figure 3 , bottom right). Without loss of generality, we can assume that Φ(γ 2 ) is the small inner loop, while Φ(γ 1 ) is the outer loop (so in particular Φp 2 is a subpath of Φp 1 ). If we let 0 < d < l 2 (Φp 1 ) be the distance between the left endpoints of Φp i , a simple calculation will show that:
which we can compare with the expression in equation (4) . Using the fact that the isomorphism preserves lengths, this immediately yields that d = l 1 (p 1 ), which again is a contradiction.
This gives us that the image paths Φp 1 and Φp 2 are subpaths of the geodesic loop γ which agree at one endpoint, but not in any larger neighborhood of the endpoint. Since γ is cyclically reduced, this immediately forces the concatenation Φp 1 * Φp 2 to be a geodesic path, hence geodesically incident paths map to geodesically incident paths. Observe that it is now clear that if p = q 2 * q 1 is a geodesic path, written as a concatenation of subpaths, then Φp = Φq 2 * Φq 1 (since the q i are geodesically incident).
Claim 5. Let p 1 and p 2 be a pair of incident geodesic paths, meeting at a common vertex q which we will take as the basepoint for π 1 (X). Then the corresponding geodesic paths Φp 1 and Φp 2 are also incident.
To see this, note that if the incident paths are geodesically incident, we are done by the previous claim. So let us assume not. Then by Lemma 2.1, we have that the reduced path corresponding to the concatenation p 2 * p 1 is of the form r 2 * r 1 , where r i is a subpath of p i . Furthermore, p 2 = r 2 * q −1 , while p 1 = q * r 1 . In particular, from the previous claim, we have that Φp 2 = Φr 2 * Φq −1 and Φp 1 = Φq * Φr 1 . However, reversal of paths is preserved under the map Φ we have constructed (since we can take the same pair of distinguishing loops with reversed orientation). This immediately yields our last claim.
Observe that, since incidence relations are preserved, our map induces a well defined bijection between the set of endpoints, as any two paths joining a pair of branch points can be viewed as incident paths (at both ends), hence will map to incident paths (again at both ends). Finally, we note that for any pair of branch points in X 1 we can find a geodesic joining the points which realizes the distance between them (namely, the distance minimizer, by Corollary 2.3). As a result, we have that the distance between the image points is precisely the same. Hence we have an isometry. This completes the proof of Proposition 3.1
Finally, we provide a proof of our main theorem:
Proof: (Theorem 3.1). By Proposition 3.1, we already know that there is an isometry between the sets of branch points. So all we need to show is that we can extend this isometry to a global isometry. First we note that, since we are working with complete spaces, an isometry between subsets extends to an isometry between their closures. So we are left with extending our map to points that do not lie in the closure of the branch points.
So let p ∈ Conv(X 1 ) lie outside of the closure of the branching locus. Then there exists a metric neighborhood of p with no branch points. Now let U p be a largest neighborhood (maximal under containment) of p which does not contain any branch points. Then U p must be isometric to an interval of some length r. Furthermore, the boundary of this interval in Y 1 consists solely of branch points, and this interval defines a path between them. By the proof of Proposition 3.1, there is a corresponding pair of branch points in X 2 , and a path of exactly the same length between them. Furthermore, the corresponding path in X 2 cannot have any branch points either (else applying the construction from Proposition 3.1 to the inverse would yield a branch point in our original path). So we can extend our map by prescribing it to be an isometry from each U p to the corresponding (branchless) path in X 2 . It is now immediate to verify that this does indeed give an isometry.
Finally, using completeness, we can extend once more to get an isometric map from Y 1 into X 2 . Note that, by construction, this map will in fact have image lying in Y 2 , hence our map is an isometric embedding from Y 1 into Y 2 . But note that we can apply the same construction to φ −1 , yielding an isometric embedding from Y 2 into Y 1 . Furthermore, the composite of the two maps corresponds to the map from Y 1 to itself obtained by applying this construction to the identity isomorphism. Hence, must be the identity map on Y 1 . This implies the map is an isometry from Y 1 to Y 2 . Finally, by a result of Curtis & Fort (Corollary 2.1 in [7] ), we have that π 1 (Y i ) injects in π 1 (X i ), and by the naturality of the construction, we see that the map we constructed induces the isomorphism (up to change of basepoint) between the π 1 (Y i ). The theorem follows.
Finally, we use our main theorem to get a somewhat stronger result: Proposition 3.2 (Generalization of Main Theorem). Let X 1 , X 2 be a pair of complete, compact, one dimensional geodesic spaces. If they have the same marked length spectrum, then there is an isometry from Conv(X 1 ) to Conv(X 2 ) Proof:. Let us denote by Y i ⊆ X i the π 1 -hull of X i . We want to prove that Y 1 is isometric to Y 2 . Without loss of generality, we can assume that the basepoints for the fundamental groups π 1 (X i ) actually lie in the Y i . Now a result of Curtis & Fort (Corollary 2.1 in [7] ) implies that π 1 (Y i ) is actually a subgroup of π 1 (X i ).
Group actions on R-trees.
For completeness, we indicate how our theorem overlaps with the results of Culler & Morgan [6] (a more general version of their work is contained in the paper by Alperin & Bass [1] ). We begin by reviewing some terminology for group actions on R-trees. Definition 4.1. A group action on an R-tree is said to be minimal if there are no proper invariant subtrees. Definition 4.2. Let G be a group acting by isometries on an R-tree. The action is said to be semi-simple if either of the following three conditions hold:
• there is a G-invariant line in T
• every element of G fixes a point
• every element of G acts fixed point freely, there is no G-invariant line, and no G-invariant end of T .
In this case, we call the action type I, II, or III respectively. We can derive this result for type III semi-simple actions from Theorem 3.1, with the added hypothesis that the action is orientation preserving and acts properly discontinuously. The argument is the following:
Proof: (Weak form of Theorem 4.1). We start by recalling that, for an R-tree T , any isometry g either has a fixed point or has positive translation length. Furthermore, if g is fixed point free, then there is a unique line in T that is g-invariant. Assume now that we have a pair of minimal type III semi-simple actions of a group G on a pair of R-trees with the same translation length function. We claim that there exists an equivariant isometry from T 1 to T 2 .
Consider the quotient spaces X i = T i /G with induced metric. We start by noting that the covering dimension cannot increase under quotients, and since the quotients are connected, they both have Cdim = 1. Furthermore, as the action is properly discontinuous, π 1 (X i ) = G, and the translation length function on G corresponds precisely to the length function of loops in the quotient space X i .
We now have to show that the spaces X i are π 1 -convex (i.e. using the notation of our theorem, Y i = X i ). If not, we have a subset Y ⊂ X i with the property that every geodesic loop in X i actually lies in Y . Now consider the liftỸ ⊂ T i to the Rtree. We claim thatỸ is connected. Indeed, Y is connected, so considering a single connected component Y i ofỸ , we can lift paths to see that Y i contains pre-images of every point in Y . Now assume that there are two distinct connected components Y 1 , Y 2 ofỸ . Observe that there is an element g ∈ G that takes Y 1 to Y 2 . Consider a geodesic loop γ in Y representing g, and observe that every point in γ (by definition of π 1 -convex) must lie in Y . Now let p ∈ γ, and consider a pair of points p 1 , p 2 in Y 1 , Y 2 mapping down to the same point p ∈ Y . Lifting γ to T i , we obtain a path joining p 1 to p 2 which consists purely of points in the pre-image of Y . Hence Y 1 and Y 2 are in fact in the same path connected component ofỸ . We conclude thatỸ consists of a single path connected component.
Next we note that a path connected subset of an R-tree is itself an R-tree. Hencẽ Y is a proper subtree of T . Furthermore, sinceỸ consists of all pre-images of points in Y , this is a G-invariant subtree. By minimality of the G-action, this forcesỸ = T i . But this in turn forces Y = X i . This concludes our proof.
Finally, Theorem 3.1 implies that X 1 is in fact isometric to X 2 . Lifting this isometry, we obtain a G-equivariant isometry between the respective trees T 1 and T 2 .
The reason why we need proper discontinuity of the action is precisely because, in the absence of proper discontinuity, we have no way to relate the fundamental group of the quotient to the original group. Conversely, if we have a pair of geodesic length spaces of topological dimension one which are both semi-locally simply connected, then our result follows from theirs (by considering the fundamental group acting on the universal cover). However, there are numerous examples of geodesic length spaces
